We revisited the analytical solutions for the tidal circulation in an idealized, frictional, elongated, rotating, and enclosed basin. The parameters in the tidal model with a single vertical layer and two vertical layers, including the ratio of basin width to length and the relative position of the upper layer, are corrected and modified from [5, 6].
I. INTRODUCTION
Periodic tidal elevations generate significant tidal currents over the continental shelves and in channels. As one of the classic research topics in coastal oceanography and engineering, the circulation in an enclosed basin has drawn attention with respect to geophysical fluids and their complexity, including circulations associated with density gradients between fresh water and sea water and relevant mixing along with tides [e.g., [1] [2] [3] [4] [5] [6] ].
The analytical solutions for the tidal circulation in an idealized, frictional, elongated, rotating, and enclosed basin, which has constant width and length and varying depth, have been investigated with the conservation of mass and momentum for the primary tidal constituents [e.g., [4] [5] [6] ]. A single-layer model and a two-layer model with linearized momentum equations simulate the barotropic and baroclinic tidal currents, respectively. Although these solutions are derived from an idealized model, they are instructive tools to understand the circulation and relevant dynamics.
In this paper, we summarize the tidal circulation in an enclosed basin using idealized single-layer and two-layer tidal models along with minor corrections and modifications from [5, 6] .
II. AN IDEALIZED MODEL AND ANALYTICAL SOLUTIONS

A. Model configuration
The circulation in a frictional, elongated, rotating, and enclosed basin is revisited with an idealized two-layer model forced by oscillating sea surface heights (e.g., tides) with minor corrections and modifications from [5, 6] . The basin has dimensions of length L * , width 2B * , and maximum depth H * (H * ≪ L * , 2B * ). The dimensional linearized momentum equations in the channel (x) and lateral (y) directions of the basin under the pressure gradients and stress divergence are given by,
where g * and κ * denote the gravitational acceleration and dimensional vertical eddy diffusivity, respectively. Note that dimensional and non-dimensional variables are denoted with and without asterisks, respectively. The momentum equations (Eqs. 1 and 2) are non-dimensionalized with
where η * , ξ * , σ * , f ,ȳ, and δ denote the surface elevation and interface fluctuation at the entrance of the basin (x = 0), tidal frequency, non-dimensionalized Coriolis frequency scaled by a ratio of the basin length to the Rossby deformation radius, aspect ratio of the basin, and non-dimensionalized vertical eddy viscosity, respectively.
The non-dimensional baroclinic frequency (σ) is defined with the nondimensionalized density anomaly (ρ) and upper layer thickness (h);
where
and the subscripts 1 and 2 indicate the variable at the upper and lower layers, respectively (h * denotes the dimensional upper layer thickness).
Additionally, non-dimensionalized dynamic variables for the velocity components (u, v, and w) , surface elevation (η), and interface fluctuation (ξ) are given by,
where ǫ = C * /H * denotes the ratio of the tidal amplitude at the basin entrance (C * ) to the maximum depth. Then, the sea surface elevation is represented with
B. Momentum equations
The non-dimensionalized momentum equations in a two-layer model are formulated as,
where the subscripts t, x, y, and z denote a partial derivative with respect to the given variable (see Tables I and II for more details of corrected and modified equations).
To solve the momentum equations (Eqs. 19 to 22) in the complex number domain, the complex amplitudes (U, V, N, and I) of the dynamic variables (u, v, η, and ξ) are introduced as,
Then, the momentum equations at each layer are simplified as,
(30)
C. Analytical solutions
The analytical solutions of the current components (U and V) are
where q and r denote friction and rotation, respectively. Two parameters (c + and c − ) are introduced to simplify the friction and rotation terms at the surface and interface [e.g.,
where c + and c − denote
respectively.
The vertically integrated transports at each layer are given by,
where ⌊·⌋ indicates the vertical integration of the given variable, i.e.,
and
h 1 = min(h,h), and h 2 = max(h −h, 0).
D. Derivation of coupled partial differential equations (PDEs)
The surface elevation and interface fluctuation are estimated from two vertically integrated mass conservation equations in the entire water column and lower layer:
With the complex amplitudes (Eqs. 25 to 24), these equations can be rewritten as
−iσ
Then, ⌊U 1 ⌋, ⌊U 2 ⌋, ⌊V 1 ⌋, and ⌊V 2 ⌋ can be eliminated by introducing expressions (Eqs.
43 and 44) to obtain a coupled set of partial differential equations (PDEs) for the surface elevation and interface fluctuation:
where the subscript 0 represents a sum of the given variables in the upper and lower layers (e.g., Q 0 = Q 1 + Q 2 ). The equation in the lower layer is given by,
E. Boundary conditions
The coupled PDEs require boundary conditions for the surface elevation and interface fluctuation as the complex amplitudes,
where N 0 (y) andỹ indicate the tidal forcing along the entrance of the bay and locations of the lateral boundary of the interface, respectively.
In addition, the boundary conditions are given at the interface (z = −h; Eq. 13),
and on the bottom (z = −h),
F. Corrections and modifications of the tidal model
The idealized model and analytical solution of [5, 6] shares the same governing equations, and the surface elevation can be expanded as;
The asymptotic expansion of the surface elevation is given by,
The analytical 
The first-order equations are given by,
Other equations are given by, 
, 
